
INTRODUCTION
It is not uncommon for there to be the need to estimate

probabilities associated with a random variable on the basis
of prescribed or estimated values of a number of low order
moments. An important first step is to first assess whether
or not, given such a supposed set of moments, there does,
in fact, exist a corresponding probability distribution. A
matter that impinges on this is that, in general, for random
variables defined over a finite interval, moments themselves
don’t exist without restriction in relation to one another.

Working on the assumption that it is usually
consideration of the first three moments that are used to
broadly characterise a probability distribution, this paper
examines the implications to the third moment when values
of the first two moments are known. This can then shed
light on whether or not there does indeed exist a probability
distribution having a prescribed set of low order moments.
For some contextual examples see Kapur [1] and Kumar [2].
Also, see [3-12].

NOTATION
A random variable is defined over the finite interval

[a,b], a < b and the following notation adopted for central
moments and moments about 0 for the continuous and
discrete cases respectively, where ϕ(x) and pi are the
corresponding probability density and probability functions,
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It is noted that the variance is given by M2.

BOUNDS FOR THE THIRD MOMENT WITH
IMPLICATIONS TO VARIANCE AND
SKEWNESS

Theorem 1

For a random variable defined on the finite interval [a,b]
and which can take at least three distinct values, the third
order moment about 0 has the following bounds :
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Proof :

It is apparent that for any real values, k1 and k2, and
for any value of the random variable x within [a,b],

(x – k1)
2 (x – b) < 0 and (x – a)(x – k2)

2 > 0.

In particular,

(x – a)2 (x – b) < 0 ...(2)

And (x – a)(x – b)2 > 0 ...(3)

By expansion of (2) and (3) and multiplication by the
probability function (for a discrete random variable) or the
probability density function (for a continuous random
variable) the following loose bounds for the third moment
about 0 can be deduced,
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– a(a + 2b)µ1 + a2 b ...(4)

The desire, however, is to obtain sharp bounds for the
third moment given lower order moments and this can be
seen to be a constrained optimization problem. For the
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In the following, the simple special cases when n = 2
and n = 3 are first considered.

Without loss of generality assume that a = x1 < x2 < x3
...... < xn = b. For the case n = 2, if  the first two moments
are known then the probabilities are determined and there
exists an equation connecting the moments themselves.
Additionally, allowing for this latter relationship, the third
moment satisfies the common equality specified in the
relationship (4). When n = 3, the set of constraints (5) act,
in addition, to constrain the remaining value attainable by
the random variable (i.e., x2) rendering it a solution to the
cubic equation,
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The coefficient of the cubic term in (6) can be shown
to be non-zero and the equation to have the three real

solutions, x2 = a, b, 3 2 1
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, the latter lying

between ‘a’ and ‘b’ by reference to  (4).
Now for

(xi – k1)
2 (xi – b) < 0 ...(7)

and

(xi – a)(xi – k2)
2 > 0 ...(8)

if the k  values are both taken to be equal to
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 then upon summing over all in-

equalities are obtained for the third moment of the
distribution in terms of the first two moments for any discrete
random variable taking at least three distinct values. By virtue
of the manner in which the k values have been chosen,
these inequalities reduce to equalities for the case n = 3
ensuring that the chosen k is optimal. Upon simplification
of (7),
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giving

[µ3 – (2a + b) ]µ2 + a(a + 2b)µ1 – a2 b]
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and again using (4),
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For the case of a continuous random variable on the
interval [a,b],
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∫
and an inequality can be developed in an identical manner
to that used in the foregoing to provide an upper bound
for µ3 and, similarly, commencing with (8), to obtain a lower
bound for µ3.

N.B. The result for the case when n = 2 cannot be
included in Theorem 1 since it is easy to show that the
bounds given by (1) are tighter than those provided by 4.

Corollary 1 :
If a random variable is discrete or continuous and takes

at least three distinct values in the interval [a,b] then for
the third central moment,

2 2
2 1 2

1

( )M a M

a

− µ −
µ −

< M3 <
3 2

1 2 2

1

( )b M M

b

− µ −
− µ

...(9)

Proof:

Observing that µ2 = M2 +
2
1µ , and µ3 = M3 + 3µ1µ2 –

2 3
1µ  = M3 + 3M2µ1 +

3
1µ  then substitution of these into (1)

provides the inequalities (9).

Corollary 2:
Here use is made of the inequalities (9) to provide

bounds for the variance when the third order central moment
is prescribed. These are given as :
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Proof :

From (9) it is evident that M2 – (b – µ1)
2 M2  + (b – µ1)

M3 < 0 which after completing the square gives :
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and, upon simplification, that
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There is no possibility of a complex root occurring in
(11) by virtue of the restriction imposed on M3 and afforded
by (10). The inequalities (11) provide bounds for M2 when
µ1, b and M3 are all known. Proceeding similarly with the
lower bound provided by (9), the following bounds for M2
when µ1, a and M3 are all known, can be obtained.
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It is clear that inequalities (11) and (12) co-incide for
µ1 = (a + b)/2 and that (11) are relevant when µ1 > (a + b)/2
and (12) relevant when µ1 < (a + b)/2. For symmetric
distributions odd central moments are all zero and hence in
this case (11) and (12) provide respectively,

0 < M2 < (b – µ1)
2 and 0 < M2 < (µ1 – a)2,

with µ = (a + b)/2, giving the familiar result, M2 < (a – b)2/2.

Corollary 3 :

Maximising the square root in (11) and (12) provides
bounds for the variance and standard deviation independent
of the third central moment, namely,

0 < σ < µ1 – a for a < µ1 <
2

a b+

and 0 < σ < µ1 – a for
2

a b+
< µ1 < b.

The bounds are attained when the distribution is
symmetric.

Corollary 4 :

If in (11) and (12) respectively, M2 > (b – µ1)
2 and M2

> (µ1 – a)2 then also respectively, M3 < 0 and M3 > 0 each

of which determines the skewness of the distribution. So
whilst skewness of a distribution is ostensibly a third
moment property it is here shown to be determinable, for
certain values of M2 and µ1, for a random variable defined
over a finite interval, by reference to the first two moments
only.

ACKNOWLEDGEMENTS
The first author wishes to acknowledge with thanks

the financial support of the UGC-SAP.

REFERENCES
[1] Kapur, J.N., Measures of Information and their

Applications. New Delhi, India: Wiley Eastern (1994).

[2] Kumar, P., Moment Inequalities of a random variable
defined over a finite interval. J. of Inequalities in
Pure and Applied Mathematics
3(3): Art. 41(2002).

[3] Bhatia, R. and Davis, C., A better bound on the
variance, The mathematical monthly, 353-357(2000).

[4] Wilkins, J.E., A note on skewness and kurtosis, The
Annals of mathematical statistics, 15(3): 333-335,
(1944).

[5] Sharma, R., Shandil, R.G., Devi, S. and Dutta, M.,
some inequalities between moments of probability,
J. Inequal. Pure and Appl. Math., 5(4): Art. 86,
(2004).

[6] Sharma, R., Some more inequalities for arithmetic
mean, harmonic mean and variance, Journal of
Mathematical Inequalities, 2: 109-114(2008).

[7] Sharma, R., Kaura, A., Gupta, M. and Ram, S., Some
bounds on sample parameters with refinements of
Samuelson and Brunk inequalities, Journal of
mathematical inequalities, 3: 99-106(2009).

[8] Hardy, G.H., Littlewood, J.E. and Polya, G.,
Inequalities, Cambridge Univ. Press, Cambridge, UK,
(1934).

[9] Rennie, B.C., On a Class of Inequalities, J. Austral.
Math. Soc., 3: 442-448(1963).

[10] Hamburger, H., Ueber eine Erweiterung des Stieltzes’
schen Momenten problems. Mathematische Annalen,
81: 235-319(1920), 82: 120-164, 168-187(1921).

[11] Hausdroff. F., Moment problem fur ein endliches
Interval. Mathematische Zeit Schrigt, 16: 220-
248(1923).

[12] Ram, S., Devi, S. and Sharma, R., Some inequalities
for the ratio and difference of moments, International
Journal of Theortical and Applied Sciences,
1(1): 103-110(2009).


